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Abstract 
This paper illustrates the thermal modeling of a flat plate unglazed solar collector with the aim of developing a simplified but 
accurate method for the collector steady state simulation without requiring a large amount of computational power and time. T he 
1D+1D model is derived from the Riesz-Galerkin method applied to the approximate analytical solution of the heat equation. The 
model allows calculating heat transfer rate, fluid outlet temperature, collector efficiency and plate temperature distribution. 
Accuracy and ability in simulating solar collector are checked using a 2D finite-difference model as a benchmark. The results of 
the simplified model show very good agreement with those provided by the finite-difference model, allowing to state that the 
simplified model is a valuable tool for fast and reliable collector simulation. 
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1. Introduction 
Thermal models of a solar co llector are important tools both for collector design and performance analysis issues. 
In the design process, models are used to analyze in detail the influence of geometry, material, thermophysical 
properties and working conditions on the collector temperature field and heat transfer characteristic s, being  the 
analysis aimed at maximizing the collector performance. On the other hand, in the performance analysis process 
only collector efficiency and fluid outlet temperature are generally required since the collector is part of a more 
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complex system and overall daily  or annual energy analysis is the main goal. In the former kind of study usually 
complex 3D unsteady models are used [1], whereas in the latter simple 1D steady state models are adequately 
accurate [2]. 
In this paper two different steady-state models of an unglazed solar collector are developed and compared. The 
first model is a 1D+1D semi-analytical model that uses the Riesz-Galerkin method applied to the approximate 
analytical solution of the heat equation whereas the second model is a 2D numerical model based on finite-difference 
to calculate the temperature field of the flat p late and it is developed as a benchmark for the previous one. The aim of 
the paper is to compare the results provided by two models in order to assess the capability  of a simplified method to 
compute collector efficiency and heat transferred to the flu id, as well as to provide detailed thermal analysis of 
temperature field, without requiring a large amount of computational power and time. 
 
Nomenclature 
g power density, Wm-3 
G solar irradiance, Wm-2 
h heat transfer coefficient, W m-2K-1 
k thermal conductivity, W m-1K-1 
L characteristic length, m 
Q thermal power, W 
s thickness, m 
S net incoming radiation, W m-2 
T temperature, K or °C 
u velocity, ms-1 
W tube length, m 
D solar absorptivity, dimensionless 
* mass flow rate, kg s -1 
H collector emissivity, dimensionless 
V Stefan-Boltzmann constant, W m-2K-4 
2. Problem statement 
The collector, schematically depicted in Fig. 1, consists of an unglazed aluminum plate equipped with the tubing. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1. Unit module and control volume for thermal analysis. 
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The back of the collector (including the tube external walls) is well insulated. Parallel tubes or a serpentine can 
be welded to the back side, as schemat ically shown in Fig. 1. In the d rawing, it is also reported the infinitesimal 
control volume considered for the energy balance with the heat transfer rates exchanged at each surface. In  
particular, Qx and Qy  denote the conduction heat fluxes, QL  is the heat power loss per unit area of the collector to the 
ambient and S is the incoming radiation flux. In  the scheme, the heat conduction through the thickness of the 
collector has been neglected because s is usually very much lower than both the module width and length. 
The specific heat loss is calculated as 
    skyrairbacktopL TThTThhQ    (1) 
where four contributions are considered as follows. 
The forced convection at the upper surface, which dominates the thermal loss from the top surface (htop # hwind), is 
characterized by the heat transfer coefficient is taken according to [2]: 
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The conduction heat transfer through the back surface is  characterized by the equivalent specific thermal 
conductance where glass wool has been considered as insulating material: 
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The radiation heat transfer with the sky is  characterized by the radiative heat transfer coefficient : 
  2 2r sky skyh T T T THV     (4) 
The sky temperature is taken according to Swinbank [3]: 
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Finally, the incoming radiation power per unit area of the collector is evaluated from the solar irradiance G as: 
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Under the assumptions described above, the heat transfer in the collector is governed by the  equation: 
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3. The approximate analytical method 
Let consider the conduction problem within a body R in the following statement: 
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According to the Galerkin variational method [4] a trial solution is: 
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where  r0\ and  riI  satisfy the inhomogeneous and homogeneous boundary conditions, respect ively. In 
particular, the trial functions  riI  must be continuous with their first and second derivative continuous. Hence, 
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The trial solution is not exact, thus the resulting residual is  
> @ 0~ znTL   (14) 
However, the trial solution is a good approximation of the exact one if the coefficients ic  are chosen to minimize 
the residual with respect to the trial functions  riI . Therefore, the coefficients  ic  are determined by imposing that 
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R
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This means that the residual is orthogonal to the trial functions and, hence, the trial solution converges to the 
exact one if f n . Eq. 16 results in a system of n algebraic equations in the unknowns  ic . 
For the problem stated in the previous section: 
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while the selection of  r0\  and  riI  depends on the boundary conditions. Main simplifying assumptions are 
the following: 
x Constant heat flux on the tube wall. 
x Fully developed water flow with constant properties. 
x Constant convective heat transfer coefficients. 
Accordingly, the water temperature linearly increases along the flow direct ion and the wall temperature is raised 
by a constant value depending on the overall thermal resistance (the convective heat transfer coefficient for the 
internal flow has been calculated by the Gnielinski correlation [5]). For this reason, a linear behaviour of 
temperature at the welded contact between collector and tube is assumed as well. 
For the parallel tubes configuration, which is a periodic repetition of the domain shown in Fig. 2 (left): 
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and the simplest trial function satisfying the boundary conditions is  
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Setting Aksa   and gsb  , from Eq. 16 it is then obtained 
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For the serpentine configuration, Fig. 2 (right), it is further assumed for sake of simplicity, that each bend is 
rectified and runs parallel to the edge of the collector. Hence, for a generic portion of the plate bounded by one tube 
turn: 
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and the simplest trial function satisfying the boundary conditions is  
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Setting Aksa   and gsb  , from Eq. 16 it is then obtained 
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For both configurations, the approximate thermal field is calculated by iteration, assuming as a first step that no 
thermal losses are present. Iterations are stopped when the relative error in the outlet water temperature between two 
successive iterations is lower than 0.001%. 
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Fig. 2. Single domain for the parallel configuration (left) and for the series configuration (right). Bold line represents the tube. 
4. Results and discussion 
The two models are compared simulating an  unglazed solar collector in  a wide variety of working conditions. 
Unglazed solar collector are considered in  this study in order to analyze the capability of simplified methods in a 
simple case before moving to more sophisticated collectors (glazed, PV/T etc…). Table 1 e Table 2 show collector 
geometrical parameters and working conditions used in the study. 
Table 1. Geometrical parameters of the unglazed solar collector. 
Tube outside diameter [mm] 14 Plate thickness [mm] 1 
Tube thickness [mm] 1 Tube thermal conductivity [W·m-1·K-1] 167 (aluminum) 
Tube length [m] 2 Coating absorptivity [-] 0.9  
Tube spacing (mm) 250 Coating emissivity [-] 0.25  
Tube number [-] 4 Insulation thickness [mm] 50 
Tube thermal conductivity [W·m-1·K-1] 399 (copper) Insulation thermal conductivity [W·m-1·K-1] 0.04 (glasswool) 
 
Table 2. Collectors working conditions 
Configuration Parallel and series flow Air velocity [m·s-1] 0.5 - 2.5 - 4.5 
Solar radiation [W·m-2] 400 - 600 - 800 Water flow rate [kg·h-1] 100 - 200 - 300 - 400 
Air temperature [°C] 20 Water inlet temperature [°C] 35 - 45 - 55 - 65 
 
Fig. 3 shows the parity plot of the useful energy gain  both for the parallel flow configuration (left image) and the 
series flow one (right image). Fin ite-difference results are taken as reference value (x-axis) and ±7.5% and ±15% 
tolerance lines are shown. The results indicate that the two models are generally in good agreement, with slightly 
better performance for the parallel flow configuration where the mean error is equal to -0.5% (minimum error is -
7.4% and maximum error is +10.4%) and 97% of the point are within  ±7.5% tolerance (100% points within ±15%). 
For the series flow configuration, the mean error is equal to +3.9% (minimum error is -3.7% and maximum error is 
+16.2%) and 70% of the point  are within ±7.5% tolerance (97% points within  ±15%). It is worth  specifying that 
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there is a little difference in the simulat ion of the series configuration because the finite -difference model assumes 
that the tube bend is outside the solar collector, whereas the approximate model assumes that the bend is rectified  
and runs parallel to the edge of the collector. This could justify the difference in the prediction of heat transfer rate. 
 
Fig. 3. Parity plot of the useful energy gain for the parallel flow configuration (left  image) and the series flow configuration (right image). 
Table 3 reports a summary of the performances in all the simulated conditions. The computed efficiencies 
compare well with the experimental data reported in the technical sheets provided by manufacturers, although , to the 
best knowledge of the authors, a thorough experimental database for a rigorous validation is still lacking. 
As a further example of the model output, for the parallel flow configuration, the temperature profiles in the 
direction orthogonal to the flow and 3D plate temperature distribution obtained with the approximate model are 
shown in Fig. 4 (simulation conditions are G = 800 W· m-2, uwind = 0.5 velocity m·s-1 and ΓWATER = 100 kg·h-1). The 
data reproduce qualitatively well the classical temperature distribution for this kind of configuration. 
 
Fig. 4. Temperature profiles in the direction orthogonal to the flow (left image) and 3D plate temperature distribution (right image) for the 
parallel flow configuration. 
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Table 3. Collectors efficiency (missing data refer to conditions where t he water cools while flowing through the collector) 
   Parallel flow Series flow 
   uWIND [m·s-1] uWIND [m·s-1] 
G [W·m-2] ΓWATER [kg·h-1] T WATER,IN [°C] 0.5 2.5 4.5 0.5 2.5 4.5 
400 100 35 0.50 0.20 0.06 0.54 0.24 0.07 
45 0.37 - - 0.40 - - 
55 0.22 - - 0.25 - - 
65 0.08 - - 0.11 - - 
200 35 0.52 0.21 0.06 0.58 0.27 0.08 
45 0.37 - - 0.42 - - 
55 0.23 - - 0.27 - - 
65 0.08 - - 0.11 - - 
300 35 0.53 0.22 0.06 0.58 0.27 0.08 
45 0.38 - - 0.43 - - 
55 0.24 - - 0.27 - - 
65 0.09 - - 0.11 - - 
400 35 0.54 0.23 0.07 0.59 0.28 0.09 
45 0.39 - - 0.43 - - 
55 0.24 - - 0.27 - - 
65 0.09 - - 0.11 - - 
600 100 35 0.58 0.34 0.22 0.63 0.39 0.26 
45 0.49 0.17 0.01 0.53 0.20 0.02 
55 0.39 - - 0.44 - - 
65 0.30 - - 0.34 - - 
200 35 0.60 0.35 0.23 0.66 0.43 0.30 
45 0.50 0.18 0.01 0.56 0.22 0.02 
55 0.40 - - 0.46 - - 
65 0.31 - - 0.35 - - 
300 35 0.61 0.37 0.24 0.67 0.44 0.31 
45 0.51 0.18 0.01 0.57 0.23 0.02 
55 0.41 - - 0.46 - - 
65 0.31 - - 0.36 - - 
400 35 0.62 0.38 0.25 0.68 0.45 0.31 
45 0.52 0.19 0.01 0.57 0.23 0.02 
55 0.42 - - 0.46 - - 
65 0.34 - - 0.36 - - 
800 100 35 0.62 0.40 0.29 0.67 0.46 0.35 
45 0.55 0.28 0.14 0.59 0.32 0.17 
55 0.48 0.15 - 0.53 0.18 - 
65 0.41 0.02 - 0.45 0.03 - 
200 35 0.63 0.42 0.31 0.71 0.52 0.40 
45 0.56 0.29 0.15 0.63 0.36 0.20 
55 0.49 0.16 - 0.55 0.20 - 
65 0.42 0.02 - 0.47 0.04 - 
300 35 0.65 0.44 0.33 0.72 0.53 0.42 
45 0.58 0.30 0.16 0.64 0.37 0.20 
55 0.50 0.16 - 0.56 0.20 - 
65 0.43 0.02 - 0.48 0.04 - 
400 35 0.66 0.45 0.34 0.72 0.54 0.43 
45 0.58 0.31 0.16 0.64 0.37 0.21 
55 0.51 0.17 - 0.56 0.21 - 
65 0.47 0.03 - 0.48 0.04 - 
 
Analogously, for the series flow configuration, the temperature profiles in  the direction orthogonal to the flow 
and 3D plate temperature d istribution obtained with  the approximate model are shown in  Fig. 5  (simulat ion 
conditions are G = 800 W· m-2, uwind = 0.5 velocity m·s-1 and ΓWATER = 100 kg·h-1). It is interesting to compare the 
performance of the two collectors under the same operating conditions. The series configuration shows a higher 
conversion efficiency (0.67 instead of 0.62) due to a lower average plate temperature (46.2°C instead of 51.5°C) 
indicating that heat losses are less relevant in the series configurat ion. This is not a general behavior, as it can be 
inferred from Table 3: it is evident that under several operating conditions the parallel configuration takes advantage 
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of the series one. On the other hand, as the wind velocity increases, the series configuration shows improved 
performances. However, it  is worth  noting that in th is case the tube length is greater, thus the increased pressure 
drop requires a larger amount of pumping power, not considered in this work. Hence, conclusions about the overall 
energy efficiency cannot be strictly drawn by only considering the solar efficiencies reported in Table 3.  
 
Fig. 5. Temperature profiles in the direction orthogonal to the flow (left image) and 3D plate temperature distribution (right image) for the series 
flow configuration. 
5. Conclusions 
This paper presents a simplified model of an unglazed solar collector operating in  steady state conditions. The 
approximate analytical solution of the heat equation derived from the Riesz-Galerkin method allows very fast 
calculations of heat transfer rate, fluid outlet temperature, collector efficiency and plate temperature distribution . 
Accuracy is checked using a 2D finite-d ifference model as a benchmark. The two models are tested and compared in  
a wide range of working conditions and their results are in very good agreement, being the average error in  
predicting heat transferred to fluid equal to -0.5% for the parallel configuration and +3.9% for the series 
configuration. The two configurations show similar performances, though the series one seems to be advantaged as 
the wind velocity increases. However, in order to draw general conclusions about energy efficiency, the pumping  
power consumption should be taken into account as well. Moreover, further work has to be done to provide 
experimental validation under variable ambient conditions . 
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